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CLOSED MAGNETIC GEODESICS ON NON-COMPACT
MANIFOLDS
WENMIN GONG
Abstract. In this paper we study the existence of periodic orbits of exact
magnetic flows with energy levels above the Man˜e´ critical value cu(L) on a
noncompact manifold from the viewpoint of Morse theory.
1. Introduction
In this paper we study the existence of periodic orbits of exact magnetic flows with
prescribed energy levels on a noncompact and complete Riemannian manifold.
To the authors’ knowledge, this problem is rarely studied in the literature, while
on compact Riemannian manifolds this kind of problems have been studied in
quantity and by different approaches, for instance the MorseNovikov theory for
(possibly multi-valued) variational functionals [35, 36, 44, 45], the AubryMathers
theory [17], the methods from symplectic geometry [4, 23, 24, 25, 28, 39, 21, 34],
the heat flow method [12], the degree theory for immersed closed curves [40, 41,
42, 43], using approximation of the Lagrangian functional by auxiliary functionals
satisfying the Palais-Smale condition [7] and the variational methods [1, 2, 33, 14].
Let (M, 〈·, ·〉) be a complete, noncompact and m-dimensional Riemannian man-
ifold without boundary. Let π : TM → M be the canonical projection, and θ a
smooth 1-form on M . A closed 2-form Ω gives an endomorphism Y : TM → TM ,
which is called a Lorentz force, as
(1) Ωx(u, v) = 〈Yx(u), v〉x ∀x ∈M and ∀u, v ∈ TxM.
The magnetic flow of the pair (〈·, ·〉 ,Ω) is the flow of the second order ODE:
(2) ∇tγ˙ = Y (γ˙),
where γ : R → M is a smooth curve, and ∇t denotes the Levi-Civita covariant
derivative. If Ω is an exact 2-form, the flow defined by (2) is called an exact
magnetic flow, otherwise called a non-exact magnetic flow (corresponding to the
case of magnetic monopoles). These flows are models for the motion of a particle
under the Lorentz force as proposed by V. I. Arnold [3]. A solution γ : R → M
of (2) is called a magnetic geodesic.
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For an exact 2-form Ω = −dθ, the magnetic flow can be obtained as the Euler-
Lagrange flow of the Lagrangian
(3) L(x, v) =
1
2
〈v, v〉x + θx(v).
The energy associated to the Lagrangian L is defined by
E(x, v) = ∂vL(x, v)[v] − L(x, v) = 1
2
〈v, v〉x,
and the action of the Lagrangian L over an absolutely continuous curve γ : [a, b]→
M is given by
SL(γ) =
∫ b
a
L(γ(t), γ˙(t))dt.
A closed magnetic geodesic with energy k can be seen as a critical point of the
functional
SL+k =
∫ T
0
L(γ(t), γ˙(t))dt + kT
on the space of periodic curves γ : R → M of arbitrary period T . To equip this
space a differentiable structure such that the infinite dimensional Morse theory
works, we denoteW 1,2(T,M) the space of 1-periodic curves onM of Sobolev class
W 1,2, where T = R/Z. In this matter, the functional
Sk : W 1,2(T,M)× R+ → R, Sk(x, T ) = T
∫ 1
0
(
L(x, x˙/T ) + k
)
dt
is smooth and its critical points (x, T ) exactly correspond to the periodic mag-
netic orbits γ(t) := x(t/T ) of energy k, where R+ := (0,∞). In contrast to the
geodesic case, we note that magnetic geodesics on different energy levels are not
reparametrizations of each other.
Applying Morse theory to obtain critical points of the functional Sk requires some
compactness conditions for the sublevel sets of Sk, for instance the Palais-Smale
condition. However, in our setting that M is noncompact, for a fixed energy k, in
general, Sk does not satisfy the Palais-Smale condition. The reason comes from
two aspects: (I) there may be Palais-Smale sequences of loops escape towards the
ends of the manifold M ; (II) even on a compact manifold the functional Sk does
not satisfy the Palais-Smale condition for the energy below some threshold and
fails to be bounded from below (see [14]).
As a comparison, we know that closed geodesics on a noncompact manifold do
not alway exist, for instance a Euclidean space, complete Riemannian manifolds
of positive curvature [26] and R×M with a wraped product metric [46] given by
〈X,Y 〉 := αβ + erg(u, v), X = (α, u), Y = (y, v) ∈ T(r,x)(R×M),
where g is a complete Riemannian metric on M . However, if some geometric or
topological restrictions are put on a noncompact complete Riemannian manifold,
closed geodesics may occur, for instance, a non-compact surface with a complete
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metric neither homeomorphic to the plane nor the cylinder [46], a complete surface
of finite area homeomorphic to a cylinder or to a Mo¨bius band [6] and complete
Riemannian manifolds with non-positive sectional curvtures and a non-trivial sin-
gular homology group of the loop space in a high degree [8]. Observe that the
magnetic flow of (〈·, ·〉 , 0) is the geodesic flow of the Rienmnnian metric 〈·, ·〉. In
view of this, in order to find closed magnetic geodesics on a non-compact mani-
fold, it is reasonable to impose some suitable geometric or topological restrictions
on the manifold. In fact, without these restrictions there exist non-compact Rie-
mannian manifolds on which there are no closed magnetic orbits of high energy
levels, see Apppendix 6.
To overcome the problem caused by (I), we use the technique of penalized func-
tion which was introduced by Benci and Giannoni [8]. It turns out that if an
analogue of Ricci curvature tensor of a magnetic Lagrangian system on a non-
compact and complete Riemannian manifold is unbounded from above then one
can prevent the Palais-Smale sequence of loops to go to the ends of the manifold
(see assumption (iii) of Theorem 1).
In order to circumvent the problem caused by (II), we use a dynamical notion of
Euler-Lagrange flow associated to a general Tonelli Lagrangian L : TM → R as
follow:
c(L) := inf
{
k ∈ R|SL+k(γ) ≥ 0, ∀γ ∈ C(M)
}
,
where C(M) denotes the set of absolutely continuous closed curves in M . The
real number defined above is called Man˜e´ critical value, which was introduced by
Man˜e´ in [30]. There are many other Man˜e´ critical values associated to different
covers of M , which we shall define as following. Let M̂ be a covering of M with
covering projection p, and let L̂ be the lift of the Lagrangian L to M̂ given by
L̂ = L ◦ dp. Hence, we have a critical value for L̂. It is immediate that
c(L̂) ≤ cu(L).
More generally, if M1 and M2 are coverings of M such that M1 covers M2, then
c(L1) ≤ c(L2).
Suppose that M˜ is the universal covering of M and M the abelian covering. The
latter is defined as the covering of M whose fundamental group is the kernel
of Hurewicz homomorphism π1(M) → H1(M,R). These covers give rise to the
critical values
cu(L) := c(L˜), and ca(L) := c(L)
where L˜ and L are the lifts of L to M˜ and M respectively. Moreover, it holds
that
ca(L) ≥ cu(L) ≥ − inf
x∈M
L(x, 0).
The above inequalities are not hard to prove, and in general these values are not
equal, see [38].
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If the manifold M is compact, these critical values has various important dynam-
ical and geometric properties, and many different characterizations, for instance,
in terms of minimizing measures [18], Mather’s β function [32], weak KAM solu-
tions [19], Lagrangian graphs and Finsler metrics [15], the Palais-Smale condition
for Morse theory [16] and symplectic topology [10]. In this case, if k > ca(L) the
hypersurface E−1(k) is of restricted contact type, and the Euler-Lagrange flow on
it is conjugated, up to a time reparametrization, to a Finsler geodesic flow on M ,
otherwise neither of these two facts holds, see [14]. If the manifold M is complete
and noncompact, the Man˜e´ critical value cu(L) can be still characterized by weak
KAM solutions, and by the action potential provided that the Lagrangian satisfies
suitable conditions [13, 20], and if π1(M) is amenable then cu(L) = ca(L).
In this paper, we mainly restrict to the critical value cu(L) for the Lagrangian L
as in (3) rather than those critical values associated to other covers of M , and
in particular we have cu(L) ≥ 0. The lowest Man˜e´ critical value cu(L) is directly
related to the behavior of the functional Sk, specifically, if k ≥ cu(L) then the
functional Sk is bounded from below on every connected component of the free
loop space of M , and if k < cu(L), it is unbounded from below on every such
connected component.
1.1. Main results. For a free homotopy class α ∈ [T,M ], we denote ΛαM the
component of the free loop space ΛM of M which represents α, and define
(4) lα := inf
γ∈ΛαM
∫
T
|γ˙(t)|dt,
where | · | the norm with respect to the metric 〈·, ·〉. Denote by ∇ the Levi-Civita
connection on M . Recall that the Riemann curvature tensor R is defined by
R(X,Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
Let {e1, . . . , em} be an orthonormal basis in TxM . The Ricci curvature tensor is
defined as
Ric(X,Y ) := −
m∑
i=1
〈R(X, ei)Y, ei〉,
and the sectional curvature is given by
Kpi :=
〈R(X,Y )X,Y 〉
〈X,Y 〉2 − 〈X,X〉〈Y, Y 〉 ,
where π is a plane in the tangent space TxM spaned by X and Y .
Throughout this paper, we shall denote by K(x) the supremum of sectional cur-
vatures, i.e.,
K(x) := sup{Kpi|π ⊂ TxM},
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and introduce the tensor
FΩ(X) := −
m∑
i=1
∇eiΩ(ei,X),
Clearly, FΩ does not depend on the choice of the orthonormal basis in the tangent
space. In the following we abbreviate FΩ by F .
Theorem 1. Let M be a complete, noncompact and m-dimensional Riemannian
manifold endowed with a Riemannian metric 〈·, ·〉 and an exact 2-form Ω = −dθ.
Let α be a nontrivial free homotopy class on M . Assume that
(i) lα > 0;
(ii)
‖θ‖∞ := sup
x∈M
|θ(x)| < +∞;
Then, for every k ∈ (cu(L),∞), if in addition we assume that
(iii)
lim
d(x,x0)→+∞
inf
v 6=0
{
Ric(v, v)
〈v, v〉 −
F (v)√
2k|v|
∣∣∣∣v ∈ TxM
}
= +∞,
where x0 is a fixed point in M ,
then there exists at least one periodic magnetic geodesic with energy k in M rep-
resenting α.
Remark 1. Even if the primitive form θ is exact (hence Ω vanishes), the ex-
istence of one non-contractible closed geodesic on a noncompact and complete
Riemannian manifold under the above conditions is also new. In this case, the
condition (iii) in Theorem 1 says that the smallest eigenvalue of the Ricci cur-
vature (as a linear self-adjoint map with respect to the complete metric 〈·, ·〉)
is unbounded from above, and in dimension two, this is equivalent to say that
the Gaussian curvature tends to +∞ toward the ends of the complete surface.
Examples of such non-compact surfaces with Riemannian metrics of unbounded
curvature have been intensively studied by the method of Ricci flow, see [9, 22]
and the references therein. For the case that Ω 6= 0, our result should be com-
pared to the main result in [7], where the function f(v) = Ric(v, v)/|v| − F (v)
was thought of an analogue of the Ricci curvature tensor, that is to say, the Ricci
curvature of the indefinite Finsler metric | · |+ θ(·) on M .
If the non-compact Riemannian manifold M is simply connected, then cu(L) =
ca(L), and hence for k > cu(L) the Euler-Lagrange flow of L of energy k is
the reparametrization of the geodesic flow on the unit tangent bundle of some
Finsler metric on M , see [15, Corollary 2]. In this case, one can put on the
manifold certain curvature conditions for this Finsler metric at infinity to ensure
the existence of periodic obits, for instance asking the sectional flag curvature of
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such a Finsler metric to be non-negative outside some compact set of M and the
topology of M to be non trivial (i.e., noncontractible) [46]. Following Benci and
Giannoni’s idea [8], we shall prove the following.
Theorem 2. LetM be a complete, noncompact and simply connected Riemannian
manifold of dimension m which is endowed with a Riemannian metric 〈·, ·〉 and
an exact 2-form Ω = −dθ. Assume that
(A) there exists an integer q > 2m such that
Hq(ΛM,K) 6= 0
where Hq(·,K) is the q-th singular homology group with coefficients in K;
(B)
‖θ‖∞ := sup
x∈M
|θ(x)| < +∞,
lim sup
d(x,x0)→+∞
|dθx| < 1
4
and lim
d(x,x0)→+∞
|(∇dθ)x| = 0,
where x0 is a fixed point in M ;
(C)
lim sup
d(x,x0)→+∞
K(x) ≤ 0.
Then there exists at least one nontrivial periodic magnetic geodesic on M .
It is noted that for k ≤ cu(L) the existence of closed magnetic geodesics on non-
compact Riemannian manifolds is not discussed in the present paper, while, on
a compact oriented surface Contreras, Macarini and Paternain proved that there
exists at least one closed orbit of the exact magnetic flow in all energy levels [17],
and on compact Riemannian manifolds Contreras also proved the existence of
one closed magnetic geodesic in almost all energy levels [14]. The approach con-
sidered in the present paper seems to be incapable to deal with the mentioned
case. However, under certain assumptions on the geometry and topology of a
non-compact manifold, we shall show that the action functional SL+k owns a
“mountain pass geometry” on the space of free loop space, and hence has critical
points by variational methods in our forthcoming paper [27].
We also remark that multiplicity results of closed magnetic geodesics are never
tough upon in the present paper. When M is a compact oriented surface, it was
proved that for amost every k ∈ (0, cu(L)) there are always infinitely many distinct
closed magnetic geodesics with energy k, see [1, 2]. Besides, Schneider showed that
on a closed oriented surface M with negative Euler characteristic χ(M), there
exist at least −χ(M) oriented Alexandrov embedded closed magnetic geodesics
on every low energy level provided that they are all non-degenerate [43], and
that on a two-dimensional oriented sphere with a Riemannian metric of positive
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Gaussian curvature and a positive function g, there exist at least two embedded
closed g-magnetic geodesics on every energy level [41]. Multiplicity of closed
magnetic geodesics on non-compact manifolds is a very interesting but difficult
direction for our further research.
Acknowledgements
The author is supported by the National Natural Science Foundation of China
No. 11701313 and the Fundamental Research Funds for the Central Universities
2018NTST18 at Beijing Normal University.
2. Preliminaries
2.1. The functional setting. Let (M, 〈·, ·〉) be am-dimesional Riemannian man-
ifold without boundary. By the Nash’s embedding theorem, one can embed M
isometrically in RN (for N large enough) which is equipped with the Euclidean
metric.
Consider the Sobolev space of loops
W 1,2(T,RN ) =
{
x : T→ RN ∣∣x is absolutely continuous and∫
T
|x′(t)|2
RN
dt <∞
}
,
where | · |RN is the norm induced by the standard inner product 〈·, ·〉RN on RN .
From now on, we assume thatM is a subset of RN for some large integer N whose
Riemannian structure is induced by the Euclidean metric 〈·, ·〉RN . We put
W 1,2(T,M) =
{
x ∈W 1,2(T,RN )|x(T) ⊂M}.
Its tangent space at x ∈W 1,2(T,M) is given by
TxW
1,2(T,M) =
{
ξ ∈W 1,2(T,RN )|ξ(t) ∈ Tx(t)M, for all s ∈ T
}
.
Define a Riemannian metric on W 1,2(T,M) by setting
(5) 〈ξ, η〉x := 〈ξ(0), η(0)〉x(0) +
∫
T
〈∇tξ(t),∇tη(t)〉x(t)dt,
where ∇t denotes the Levi-Civita covariant derivative along x. Since M is com-
plete, W 1,2(T,M) is a Hilbert manifold, see [29, 37]. In the following we denote
W 1,2α (T,M) the connected component of W 1,2(T,M) which represents the free
homotopy class α.
Equip the space M :=W 1,2(T,M)× R+ with the product metric
(6)
〈
(ξ, α), (η, β)
〉
(x,T )
= αβ + 〈ξ, η〉x.
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ThenM is a Hilbert manifold with connected componentMα representing α, and
the pair (x, T ) ∈ M corresponds to the T -periodic curve γ(t) = x(t/T ). Given
k ∈ R, consider the free periodic action functional
Sk : W 1,2(T,M)× R+ −→ R,
Sk(x, T ) =
∫ 1
0
TL
(
x(t),
x˙(t)
T
)
dt+ kT,
=
∫ T
0
L(γ(s), γ˙(s))ds+ kT(7)
where γ(s) = x(s/T ). It is well known that for Lagrangians L : TM → R of the
form (3), Sk is smooth. Moreover, (x, T ) is a critical point of Sk if and only if
γ(t) = x(t/T ) is a periodic orbit of energy k.
2.2. The penalized functional. To regain the Palais-Smale condition, we apply
Benci and Giannoni’s penalization method [8]. Take a family of proper smooth
functions {fσ :M → [0,∞)}σ∈N which satisfies f1 ≥ f2 ≥ . . .,
(8) lim
d(x,x0)→+∞
fσ(x) = +∞, ∀σ ∈ N
for some fixed point x0 ∈ M , and for any compact set K ⊂ M there exists
σ0 = σ0(K) ∈ N such that supp(fσ) ∩K = ∅ for all σ ≥ σ0.
Such a family of functions can be easily constructed by using a partition of unity
of M , see [8, 5]. The penalized functionals are defined as follows:
Sσk :M−→ R, Sσk (x, T ) = Sk(x, T ) + fσ(x(0)) and
SσL :W
1,2(T,M) −→ R, SσL(x) = SL(x) + fσ(x(0)).
A direct calculation (see Lemma 2) shows that the critical points (x, T ) of Sσk
correspond to those curves γ(t) = x(t/T ) which satisfy
∇tγ˙ = Y (γ˙),(9)
1
2
|γ˙(t)|2 = k, ∀ t ∈ (0, T ) and(10)
γ˙−(T )− γ˙+(0) = −∇fσ(γ(0)).(11)
So every such γ is a closed magnetic geodesic with energy k if and only if γ(0) is
a critical point of fσ, in particular whenever γ(0) /∈ supp(fσ).
2.3. The first and second Variations. In this section, we calculate the first
and second variations of the action functional Sσk . To compute the first one, let
s 7→ (xs, bs) ∈ M be a curve such that
x = x0, T = b0, ξ(t) =
∂xs
∂s
(t)
∣∣∣∣
s=0
and α =
dbs
ds
∣∣∣∣
s=0
.
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Lemma 2.
δSσk (x, T )[ξ, α] = −
α
2T 2
∫ 1
0
|x˙(t)|2dt+ 1
T
∫ 1
0
〈x˙(t),∇tξ〉dt
+
∫ 1
0
dθ(ξ, x˙)dt+ kα+ dfσ(x(0))[ξ(0)].(12)
Proof. Since
(13) Sσk (x, T ) =
∫ 1
0
(
1
2T
|x˙|2dt+ θx(x˙)
)
dt+ kT + fσ(x(0)),
a direct calculation of
dSσ
k
(xs,bs)
ds
∣∣∣∣
s=0
leads to the desired formula. 
Remark 3. On W 1,2(T,M) we have
(14) δSσL(x)[ξ] =
∫ 1
0
〈x˙(t),∇tξ〉dt+
∫ 1
0
dθ(ξ, x˙)dt+ dfσ(x(0))[ξ(0)].
To do the second variation, let us denote by exp : TM →M the exponential map
with respect to the metric 〈·, ·〉 on M . Take a two-dimensional family of curves
(V (r, s), B(r, s)) ∈ M with (r, s) ∈ (−ε, ε) × (−ε, ε) for some positive number ε
such that
B(0, 0) = T,
∂B
∂r
(0, 0) = α and
∂B
∂s
(0, 0) = β,(15)
V (r, s)(t) = exp(x(t), rξ(t) + sη(t)), ∀t ∈ T,(16)
where ξ, η ∈ TxW 1,2(T,M). Clearly, we have
∂V (r, s)
∂r
(0, 0) = ξ and
∂V (r, s)
∂s
(0, 0) = η.
Now we can compute the second variational derivatives of Sσk .
Lemma 4. Suppose that (x, T ) is a critical point of Sσk . Then
δ2Sσk (x, T )[(ξ, α), (η, β)] =
1
T
∫ 1
0
(〈∇tξ,∇tη〉+ 〈R(ξ, x˙)η, x˙〉)dt
− α
T 2
∫ 1
0
〈∇tη, x˙〉dt− β
T 2
∫ 1
0
〈∇tξ, x˙〉dt
+
∫ 1
0
(∇ξdθ)x(η, x˙)dt+
∫ 1
0
dθx(η,∇tξ)dt
+Hσ(x(0))[ξ(0), η(0)] +
2αβk
T
,
where Hσ is the Hessian operator of fσ with respect to the Riemannian metric 〈·, ·〉.
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Remark 5. Similarly, for a critical point x of SσL we have
δ2SσL(x)[ξ, η] =
∂2SσLV (r, s)
∂r∂s
∣∣∣∣
r=s=0
=
∫ 1
0
(〈∇tξ,∇tη〉+ 〈R(ξ, x˙)η, x˙〉)dt
+
∫ 1
0
(∇ξdθ)x(η, x˙)dt+
∫ 1
0
dθx(η,∇tξ)dt
+Hσ(x(0))[ξ(0), η(0)].(17)
Proof of Lemma 4. To do the second variation, we calculate
∂2Sσ
k
(V (r,s),B(r,s))
∂r∂s
∣∣
r=s=0
.
By (13), we write
Sσk := E +Φ+Ψ,
where
E(x, T ) =
1
2T
∫ 1
0
|x˙|2dt, Φ(x, T ) =
∫ 1
0
θx(x˙)dt and
Ψ(x, T ) = kT + fσ(x(0))
Denote V (r, s, t) = V (r, s)(t). Since the covariant derivation has vanishing torsion
and is compatible with the Riemannian metric, it holds that
∇r ∂V
∂t
= ∇t ∂V
∂r
, ∇s∂V
∂t
= ∇t∂V
∂s
and ∇X〈Y,Z〉 = 〈∇XY,Z〉+ 〈Y,∇XZ〉.
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Using the above formulas, we compute the second variation of the energy term.
δ2E(x, T )[(ξ, α), (η, β)] =
∂2E(V (r, s), B(r, s))
∂r∂s
∣∣∣∣
r=s=0
=
∂
∂r
∣∣∣∣
r=0
∂
∂s
∣∣∣∣
s=0
(
1
2B(r, s)
∫ 1
0
∣∣∂tV (r, s, t)∣∣2dt)
=
∂
∂r
∣∣∣∣
r=0
∫ 1
0
1
2B(r, 0)
∂
∂s
∣∣∣∣
s=0
∣∣∂tV (r, s, t)∣∣2dt
− ∂
∂r
∣∣∣∣
r=0
∫ 1
0
∂sB(r, 0)
2B(r, 0)2
∣∣∂tV (r, 0, t)∣∣2dt
= − α
2T 2
∫ 1
0
∂
∂s
∣∣∣∣
s=0
∣∣∂tV (0, s, t)∣∣2dt
+
1
2T
∫ 1
0
∂
∂r
∣∣∣∣
r=0
∂
∂s
∣∣∣∣
s=0
∣∣∂tV (r, s, t)∣∣2dt
−∂r∂sB(0, 0)T
2 − 2bαβ
2T 4
∫ 1
0
|x˙(t)|2dt
− β
2T 2
∫ 1
0
∂
∂r
∣∣∣∣
r=0
∣∣∂tV (r, 0, t)∣∣2dt
=
1
T
(∫ 1
0
(〈∇tξ,∇tη〉+ 〈R(ξ, x˙)η, x˙〉 − 〈∇ξη,∇tx˙〉)dt
)
− α
T 2
∫ 1
0
〈∇tη, x˙〉dt− β
T 2
∫ 1
0
〈∇tξ, x˙〉dt
−∂r∂sB(0, 0)T − 2αβ
2T 3
∫ 1
0
|x˙(t)|2dt.(18)
Next, we compute the second variation of Φ. To do this, let us note that the first
variation of Φ is given by
(19) δΦ(x)ξ =
∫ 1
0
dθ(ξ, x˙)dt.
By (19), we have
δ2Φ(x, T )[(ξ, α), (η, β)] =
∂2
∂r∂s
∫ 1
0
θV (r,s,t)(∂tV (r, s, t))dt
∣∣∣∣
r=s=0
=
∂
∂r
∣∣∣∣
r=0
∫ 1
0
dθV (r,0,t)(∂sV (r, 0, t), ∂tV (r, 0, t))dt
=
∫ 1
0
(
(∇ξdθ)(η, x˙) + dθ(∇ξη, x˙) + dθ(η,∇tξ))dt.(20)
For the second variation of Ψ, a direct calculation shows that
δ2Ψ(x, T )[(ξ, α), (η, β)] = k∂r∂sB(0, 0) +Hσ(x(0))[ξ(0), η(0)].(21)
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From (9) and (10), we deduce that if (x, T ) is a critical point of Sσk , then
1
T
∫ 1
0
〈∇tx˙, ζ〉dt =
∫ 1
0
dθ(ζ, x˙)dt, ∀ζ ∈ TxW 1,2 and(22)
1
2
|x˙(t)|2 = kT 2, ∀t ∈ (0, 1).(23)
By (22) and (23), combining (18), (20) and (21) concludes the desired result.

3. The Palais-Smale condition
Definition 6. Let M be a Hilbert manifold modelled on a Hilbert space H, and
f a C1-functional on M. Given c ∈ R, if any sequence {xn}∞n=1 ⊂ M satisfying
f(xn) ≤ c and ‖df(xn)‖H∗ → 0 has a convergent subsequence then f is said to
satisfy the Palais-Smale condition on {x ∈ M|f(x) ≤ c}, where ‖ · ‖H∗ denotes
the operator norm on H.
In order to obtain the Palais-Smale condition for Sσk on Mα, we begin with the
following known result.
Lemma 7. If k ≥ cu(L), then Sk is bounded from below on Mα; otherwise,
inf(x,T )∈Mα Sk(x, T ) = −∞.
Proof. The proof of the first part of the above assertion is the same as that of the
case that M is compact, we refer to [14, Lemma 4.1] for the detailed proof. In
order to prove the second part of it, we take a closed curve γ ∈ Mα. If k < cu(L),
then, by definition, there exists a contractible closed curve γ0 with Sk(γ0) < 0.
Let β be a path joining γ(0) to γ0(0). For all n ∈ N we find that the juxtapositions
γ˜n = β♯γ
n
0 ♯β
−1♯γ are within the free homotopy class α and satisfy
Sk(γ˜n) = SL(β) + SL(β−1) + nSk(γ0) + SL(γ) n−→ −∞.

Lemma 8. Let {(xn, Tn)} be a sequence inMα such that {Sσk (xn, Tn)} is bounded
from above. If lα > 0 and ‖θ‖∞ <∞, then Tn is bounded away from zero.
Proof. By our assumption, we may assume that Sσk (xn, Tn) ≤ A for all n ∈ N and
some positive number A. Since fσ ≥ 0, we have
A ≥ Sσk (xn, Tn) ≥
1
2Tn
∫ 1
0
|x˙n(t)|2dt−
∫ 1
0
‖θ‖∞ · |x˙n(t)|dt+ kTn
≥
(
1
2Tn
− 1
4
)∫ 1
0
|x˙n(t)|2dt− ‖θ‖2∞ + kTn,
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consequently, if 0 < Tn < 2, for all n it holds that∫ 1
0
|x˙n(t)|2dt ≤ 4Tn
2− Tn
(
A+ ‖θ‖2∞
)
.(24)
By the Ho¨lder inequality,
(25)
(∫ 1
0
|x˙n(t)|dt
)2
≤
∫ 1
0
|x˙n(t)|2dt.
Combining (24) with (25) implies that if Tn → 0 then the length of xn goes to
zero. This contradicts the assumption that lα > 0. 
Proposition 9. If lα > 0 and ‖θ‖∞ < ∞, then for any k > cu(L), Sσk satisfies
the Palais-Smale condition on {(x, T ) ∈ Mα|Sσk (x, T ) ≤ A}.
Our proof of the above proposition uses some similar idea in the proof of [8,
Lemma 4.5]. For the sake of completeness, we give all the details.
Proof of Proposition 9. Assume that {(xn, Tn)} be a sequence in Mα such that
(26) Sσk (xn, Tn) < A and ‖dSσk (xn, Tn)‖ → 0.
We will show that {(xn, Tn)} has a converge subsequence in Mα. First of all,
we prove that Tn has a convergent subsequence. By Lemma 8, Tn ≥ C for some
positive constant C, so we only need to prove that Tn is bounded from above.
Observe that if k > cu(L) then
Sσk (xn, Tn) = Scu(L)(xn, Tn) + (k − cu(L))Tn + fσ(xn(0)).
Since fσ ≥ 0 on M and Scu(L) ≥ −B > −∞ for some positive constant B by
Lemma 7, it follows that
(27) Tn ≤ (A+B)/(k − cu(L)).
Consequently, to complete the proof, we have to prove that {xn} has a convergence
subsequence in W 1,2(T,M). Set γn(t) := xn(t/Tn), then we have
A ≥ Sσk (xn, Tn) =
∫ Tn
0
(
1
2
|γ˙n(t)|2 + θ(γ˙n(t))
)
dt+ kTn + fσ(γn(0))
≥ 1
4
∫ Tn
0
|γ˙n(t)|2dt− Tn‖θ‖2∞ + kTn + fσ(γn(0)),
it follows that
1
Tn
∫ 1
0
|x˙n(t)|2dt =
∫ Tn
0
|γ˙n(t)|2dt ≤ 4
(
A+ Tn‖θ‖2∞
)
,(28)
fσ(γn(0)) ≤ A+ Tn‖θ‖2∞.(29)
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By (28) and the Ho¨lder inequality, we have
(30)
∫ Tn
0
|γ˙n(t)|dt ≤ Tn
(∫ Tn
0
|γ˙n(t)|2dt
)2
≤ 16Tn
(
A+ Tn‖θ‖2∞
)2
.
Thus, by ‖θ‖∞ < +∞ and (27), we deduce that fσ(γn(0)) and the length of
γn are bounded for all n ∈ N. Then, by (8), there exists a compact set Kσ ⊂
M (independent of n) such that all γn are entirely located in Kσ. Therefore,
(xn, Tn) is a bounded sequence in W
1,2(T,M)×R+, and hence, up to considering
a subsequence, one can find (x, T ) ∈W 1,2(T,M)× R+ such that
Tn
n−→ T for some positive number T(31)
xn
n−→ x weakly inW 1,2(T,M) and strongly in L∞(T,M).(32)
In the following we will prove that {xn} converges strongly to x in W 1,2. Denote
π(z) : RN → TzM the orthogonal projection onto TzM , and consider
wn(t) = π(xn(t))[xn(t)− x(t)].
Notice that wn is bounded in TxnW
1,2 since all xn belong to the compact set
Kσ and π(z) is smooth with respect to z ∈ M . By (26), taking (ξ, α) = (wn, 0)
in Lemma 2 arrives at
1
Tn
∫ 1
0
〈x˙n, w˙n〉dt+
∫ 1
0
dθxn(wn, x˙n)dt+ dfσ(xn(0))[wn(0)]
n−→ 0,(33)
where we have used 〈x˙n,∇twn〉 = 〈x˙n, w˙n〉. Using {xn} ⊂ Kσ again, we see that
|dθxn | is bounded independently of n, hence by (31), (32) and (33), we get
(34)
∫ 1
0
〈x˙n, w˙n〉dt n−→ 0.
Set
(35) un(t) = π
⊥(xn(t))[xn(t)− x(t)]
where π⊥(z) = id− π(z) : RN → TzM , then we have
xn − x = wn + un.
By (34), we immediately obtain
(36)
∫ 1
0
(〈w˙n, w˙n〉+ 〈u˙n, w˙n〉+ 〈x˙, w˙n〉)dt n−→ 0.
Since {w˙n} converges weakly to 0 because of (32), it follows from (36) that∫ 1
0
(〈w˙n, w˙n〉+ 〈u˙n, w˙n〉)dt n−→ 0.
Observe that 〈x˙n − x˙, x˙n − x˙〉 = 〈w˙n, w˙n〉 + 〈u˙n, u˙n〉 + 2〈w˙n, u˙n〉. Therefore, to
show that {xn} converges strongly to x in W 1,2, it suffices to prove that
(37) u˙n
n−→ 0 strongly in L2.
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To do this, by (35) we write
(38) u˙n(t) = π
⊥
(
xn(t)
)[
x˙n(t)− x˙(t)
]
+ dπ⊥
(
xn(t)
)[
x˙n(t)
][
xn(t)− x(t)
]
.
Using (32) and {xn} ⊂ Kσ we deduce that
(39) dπ⊥
(
xn(t)
)[
x˙n(t)
][
xn(t)− x(t)
] n−→ 0 strongly in L2
and
(40) π⊥
(
xn(t)
)[
x˙n(t)− x˙(t)
]
= −π⊥(xn(t))[x˙(t)] n−→ 0, strongly in L∞,
where we have used π⊥
(
x(t)
)[
x˙(t)
]
= 0 because x˙(t) ∈ Tx(t)M for all t ∈ T.
Combining (38)-(40) leads to (37). This completes the proof.

Proposition 10. If ‖θ‖∞ < ∞ then SσL satisfies the Palais-Smale condition on
{x ∈W 1,2(T,M)|SσL(x) ≤ A}.
Proof. Let {xn} be any sequence in W 1,2(T,M) such that
SσL(xn) ≤ A and(41)
‖dSσL(xn)‖ n−→ 0.(42)
We shall prove that {xn} has a convergent subsequence in W 1,2(T,M). First of
all, we see that SσL is bounded from below because
SσL(x) =
∫ 1
0
(
1
2
|x˙(t)|2 + θ(x˙(t))
)
dt+ fσ(x(0))
≥ 1
4
∫ 1
0
|x˙(t)|2dt− ‖θ‖2∞ + fσ(x(0)).(43)
Then, from (41) , (43) and ‖θ‖∞ < ∞ it follows that there exists a compact set
Kσ ⊂ M (independent of n) such that all xn are entirely located in Kσ. As a
consequence, there exists x ∈W 1,2(T,M) such that
(44) xn
n−→ x weakly inW 1,2(T,M) and strongly in L∞(T,M).
The remaining part of the proof of Proposition 10 is essentially the same to that
of Proposition 9 by using (42) and (44), and we will not repeat it here.

4. A Morse theorem
In this section we recall some results on Morse theory which will be used in the
next section.
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Consider a C2-manifold M modelled on a Hilbert space and f ∈ C2(M,R). Let
x ∈ M be a critical point of f , meaning that
df(x)[v] = 0 ∀v ∈ TxM,
where df(x) is the differential of f at x. Recall that the Hessian of the function
f at x is the second variational derivative of f at x, that is to say, if (r, s) 7→
γ(r, s) ∈ M is a C2-map which is defined near (0, 0) ∈ R2 such that
γ(0, 0) = x,
∂γ
∂r
(0, 0) = u ∈ TxM and ∂γ
∂s
(0, 0) = v ∈ TxM,
then
Hessf(x)[u, v] =
∂2f(γ(r, s))
∂r∂s
∣∣∣∣
(0,0)
.
Definition 11. Let x be a critical point of f . The (strict) Morse index of x is the
dimension of the maximal subspace of TxM where Hessf(x) is negative definite;
the large Morse index of x is the dimension of the maximal subspace of TxM
where Hessf(x) is negative semidefinite.
Here let us remark that the Morse index may equal +∞ and the kernel of Hessf(x)
may be non-trivial (having positive dimension). In the sequel, we denote by m(x)
and m∗(x) the Morse index and large Morse index of x respectively, and f c the
level set {x ∈M|f(x) ≤ c}.
Now we cite a Morse theorem from [47, 8].
Theorem 3 (Generalized Morse theorem). Let M be a C2-Hilbert manifold and
f ∈ C2(M,R). Suppose that
(i) f satisfies the Palais-Smale condition on f c for all c ∈ R;
(ii) f is bounded from below on M;
(iii) for any critical point x of f , the linear map associated to Hessf(x)[·, ·]
owns 0 as an isolated eigenvalue which has finite multiplicity;
(iv) Hq(M,K) 6= 0 for some integer q ≥ 0, where Hq(M,K) is the q-th group
of singular homology with coefficients in K.
Then there exists a critical point x0 of f corresponding to the critical value
c = inf
D⊂Γq
sup
x∈D
f(x)
which satisfies
0 ≤ m(x0) ≤ q ≤ m∗(x0),
where
(45) Γq :=
{
D ⊂M : ι∗(Hq(D,K)) 6= 0
}
with ι : D →M the inclusion map.
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The proof of the above theorem is based on the classical Morse theorem (i.e.,
correponding to the case that Hessf(x) is non-degenerate) combining with a per-
turbation method. We will not repeat it here, and refer to [8, Theorem 3.4] for
the detailed proof. From Theorem 3 we derive, taking the 0-th homology group
into account, the following.
Corollary 12. Let f : M → R be a C2-function on a C2 Hilbert manifold M
which satisfies assumptions (i)–(iii) of Theorem 3. Then f has a global minimum
x0 ∈M satisfying m(x0) = 0.
5. Proof of the main theorems
In this section, we will apply the Morse theorem in Section 4 to Sσk on Mα and
to SσL on W
1,2(T,M) to prove our main theorems. To this end, we need to check
assumptions (i)–(iv) of Theorem 3.
First of all, let us note that under the hypotheses of Proposition 9, Sσk satisfies
(i) for every σ ∈ N. The boundedness of Sσk from below can be easily seen from
(46) Sσk (x, T ) = Scu(L)(x, T ) + (k − cu(L))T + fσ(x(0)).
In fact, for k > cu(L), Sσk is bounded onMα by Lemma 7. For (iv), lα > 0 implies
that H0(Mα,K) 6= 0. It remains to verify (iii).
Lemma 13. For all σ ∈ N, Sσk satisfy (iii) in Theorem 3.
Proof. Given a critical point (x, T ) of Sσk , define
Aσ : T(x,T )Mα −→ T(x,T )Mα
the linear self-adjoint operator by〈
(ξ, α), Aσ(η, β)
〉
(x,T )
= HessSσk (x, T )
[
(ξ, α), (η, β)
]
.
By virtue of Lemma 4 and (6), we see that
Aσ =
1
T
(
id+Bσ
)
for which Bσ : T(x,T )Mα −→ T(x,T )Mα is given by〈
(ξ, α), Bσ(η, β)
〉
(x,T )
=
∫ 1
0
〈R(ξ, x˙)η, x˙〉 − α
T
∫ 1
0
〈∇tη, x˙〉dt
−β
T
∫ 1
0
〈∇tξ, x˙〉dt+ T
∫ 1
0
(∇ξdθ)x(η, x˙)dt
+T
∫ 1
0
dθx(η,∇tξ)dt+ (2k − 1)αβ
+T
(
Hσ(x(0))[ξ(0), η(0)] − 〈ξ(0), η(0)〉
)
.(47)
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Therefore, to prove that Sσk satisfies assumption (iii) of Theorem 3, it suffices to
prove that Bσ is a compact operator. To do this, we have to show that for any
sequence {(ηn, βn)} ⊂ T(x,T )Mα, if (ηn, βn) converges to (η∗, T∗) weakly in W 1,2
and strongly in L∞ then∣∣∣∣〈(ξ, α), Bσ(ηn, βn)〉(x,T ) − 〈(ξ, α), Bσ(η∗, β∗)〉(x,T )
∣∣∣∣ n−−−−−−→uniformly 0
with respect to (ξ, α) ⊂ T(x,T )Mα satisfying ‖(ξ, α)‖ ≤ 1, which is easily seen
from (47).

Since assumptions (i)–(iv) of Theorem 3 are satisfied for Sσk , we have the following.
Theorem 4. Suppose that lα > 0, ‖θ‖∞ <∞ and k > cu(L). Then for every σ ∈
N, there exists a global minimum (xσ , Tσ) ∈ Mα of Sσk satisfying m(xσ, Tσ) = 0.
From (9)–(11), we see that for every σ ∈ N, γσ(t) = xσ(t/Tσ) obtained in Theo-
rem 4 is a C∞ magnetic geodesic on [0, Tσ), but not a closed magnetic because in
general γ˙σ(0) 6= γ˙σ(Tσ).
Proof of Theorem 1. Let (xσ, Tσ) be a critical point of Sσk given by Theorem 4
which satisfies
(48) m(xσ, Tσ) = 0.
We shall prove that there exists a compact set K ofM independent of σ such that
xσ ⊂ K for all σ ∈ N. Once this is proved, then for σ sufficiently large, we have
suppfσ ∩ K = ∅, which obviously implies that (xσ , Tσ) corresponds to a closed
magnetic geodesic.
Arguing by contradiction, assume that there exists a subsequence σn
n→ ∞ such
that
(49) sup
t∈[0,1]
d(xσn(t), x0)
n−→ +∞
for some fixed point x0 in M . For simplicity, in the following we abbreviate
(xσn , Tσn) and Sσnk by (xn, Tn) and Snk respectively.
Since (xn, Tn) is a global minimum of Snk on Mα and the penalized function
sequence satisfies f1 ≥ f2 ≥ . . ., for a fixed point (y, b) ∈Mα it holds that
(50) A := S1k(y, b) ≥ Snk (y, b) ≥ Snk (xn, Tn) for all n
which, due to lα > 0, ‖θ‖∞ <∞ and k > cu(L), implies that
Tn ≥ δ and(51) ∫ 1
0
|x˙n(t)|dt ≤ d,(52)
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where δ = δ(k) and d = d(k) are two positive numbers independent of n. In fact,
(51) can be seen from the proof of Lemma 8, while (52) from that of Proposition 9.
From (49) and (52) we deduce that
(53) inf
t∈[0,1]
d(xn(t), x0)
n−→ +∞.
In what follows, we will show that if some geometric restrictions are put on the
end of M , (53) cannot happen.
Fix n ∈ N. Using parallel translation with respect to the Riemannian metric 〈·, ·〉
on M , we take a C∞ orthonormal vector field e1(t), e2(t), . . . , em(t) along xn(t).
In general, ej(0) 6= ej(1). Define the vector fields along xn(t) as follows:
ηj(t) = sin(πt)ej(t), j = 1, . . . ,m.
Clearly, ηj(0) = ηj(1) = 0 and ηj ∈ TxnW 1,2(T,M). Moreover, we have
〈ηj , ηj′〉xn =
∫ 1
0
〈∇tηq(t),∇tηj′(t)〉dt =
{
pi2
2 , if j = j
′,
0, if j 6= j′.
By Lemma 4, we have
HessSnk (xn, Tn)[(ξ, α), (ξ, α)] =
1
Tn
∫ 1
0
(〈∇tξ,∇tξ〉+ 〈R(ξ, x˙n)ξ, x˙n〉)dt+ 2α2k
Tn
−2α
T 2n
∫ 1
0
〈∇tξ, x˙n〉dt+
∫ 1
0
(∇ξdθ)(ξ, x˙n)dt
+
∫ 1
0
dθ(ξ,∇tξ)dt+Hn(xn(0))[ξ(0), ξ(0)].(54)
Put
(55) Bn =
m∑
j=1
HessSnk (xn, Tn)[(ηj , 0), (ηj , 0)].
Plugging (54) into (55) we find
Bn =
1
Tn
∫ 1
0
[
mπ2 cos2(πt) + sin2(πt)
m∑
j=1
〈
R(ej , x˙n)ej , x˙n
〉]
dt
+
∫ 1
0
sin2(πt)
m∑
j=1
(∇ejdθ)(ej , x˙n)dt
=
π2m
2Tn
−
∫ 1
0
sin2(πt)
(
Ric(x˙n, x˙n)
Tn
− F (x˙n)
)
dt
=
π2m
2Tn
−
∫ Tn
0
sin2
(
πt
Tn
)(
Ric(γ˙n, γ˙n)− F (γ˙n)
)
dt,(56)
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where γn(t) = xn(t/Tn). Denote
(57) κn := inf
t∈[0,Tn]
Ric(γ˙n(t), γ˙n(t))
〈γ˙n(t), γ˙n(t)〉 and τn := supt∈[0,Tn]
F (γ˙n(t))
|γ˙n(t)|
From (10), (56) and (57) we deduce that
Bn ≤ π
2m
2Tn
−
∫ Tn
0
sin2
(
πt
Tn
)(
2kκn −
√
2kτn
)
dt
=
π2m
2Tn
− (2kκn −
√
2kτn
)
Tn
2
(58)
By (51) and (58), if
(59) κn >
π2m
2kδ2
+
τn√
2k
,
then Bn < 0 for all n, consequently, there exists at least one j = j(n) such that
(60) HessSnk (xn, Tn)[(ηj , 0), (ηj , 0)] < 0.
Observe that assumption (iii) and (53) imply that there exists a n0 > 0 such
that for every k > cu(L) if n > n0 then (59) holds. Therefore, by (60), we have
m(xn, Tn) ≥ 1 which contradicts (48). This completes the proof.

The proof of Theorem 2 is not novelty, which, based on Theorem 3, is a mod-
ification of the proof of [8, Theorem 1.1]. For completeness we shall give the
details.
Proof of Theorem 2. we proceed in three steps.
Step 1. We show that the functional SσL defined on W
1,2(T,M) satisfies assump-
tions (i)–(iv) of Theorem 3. Clearly, (iv) is satisfied by our assumtion (A). Propo-
sition 10 varifies assumption (i). From (43) we see that (ii) holds. It remains to
check (iii). By (5) and (17), we see that the self-adjoint operator associated to
HessSσL is the sum of the identity map and a compact operator on W
1,2(T,M),
and hence (iii) holds.
Step 2. We show that for every σ ∈ N the functional SσL has a non-trivial critical
point xσ ∈W 1,2(T,M) which satisfies
SσL(xσ) = inf
D⊂Γq
sup
x∈D
SσL(x) and(61)
m∗(xσ) ≥ q,(62)
where q ∈ N is given by assumption (A), and Γq is defined as in (45).
CLOSED MAGNETIC GEODESICS ON NON-COMPACT MANIFOLDS 21
By Step 1, for any σ ∈ N there exists a critical point xσ of SσL satisfying (61) and
(62). It suffices to prove that every xσ is non-trivial. Arguing by contradition, we
assume that xσ is a constant loop for some σ. For each σ ∈ N we set
V σ :=
{
ξ ∈ TxσW 1,2(T,M)
∣∣ξ(0) = 0}.
It follows from (5) that
(V σ)⊥ =
{
η ∈ TxσW 1,2(T,M)
∣∣∇t∇tη(t) = 0 for all t ∈ [0, 1] and η(0) = η(1)},
consequently, we have
(63) dim(V σ)⊥ ≤ 2dimTxσ(0)M = 2m.
Since xσ is a constant loop, by (17) we have
HessSσL(xσ)[ξ, ξ] =
∫ 1
0
〈∇tξ,∇tξ〉dt+Hσ(x(0))[ξ(0), ξ(0)](64)
which implies that HessSσL(xσ) is positive definite on V
σ. Therefore, by (62) and
(63) we get
q ≤ m∗(xσ) ≤ dim(V σ)⊥ ≤ 2m,
in contradiction with assumption (A).
Step 3. We show that there exists a compact set K of M independent of σ
such that xσ ⊂ K for all σ ∈ N. Arguing by contradiction, up to considering a
subsequence, we assume that
(65) sup
t∈[0,1]
d(xσ(t), x0)
σ−→ +∞
for some fixed point x0 in M .
Since the singular homology has compact support, there exists a constant A (in-
dependent of σ) such that
SσL(xσ) ≤ A
for all n ∈ N. This, together with (41) and ‖θ‖∞ <∞, implies that∫ 1
0
|x˙(t)|2dt ≤ 4(A+ ‖θ‖2∞) =: D2(66)
for some positive number D. Observe that xσ is a critical point of S
σ
L if and only
if xσ satisfies
∇tx˙σ = Y (x˙σ) and(67)
x˙−σ (1) − x˙+σ (0) = −∇fσ(xσ(0)).(68)
Combining (66) with (67) implies that
(69) |x˙σ(t)| ≤ D for all t ∈ [0, 1].
Using the Ho¨ler inequality, (65) and (66) we derive that
(70) inf
t∈[0,1]
d(xσ(t), x0)
σ−→ +∞.
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By (17) and (70), using assumptions (B) and (C) , one can find a sequence of
nmubers τσ
σ→ 0+ such that for every ξ ∈ V σ
HessSσL(xσ)[ξ, ξ] =
∫ 1
0
(〈∇tξ,∇tξ〉+ 〈R(ξ, x˙σ)ξ, x˙σ〉)dt
+
∫ 1
0
(∇ξdθ)xσ(ξ, x˙σ)dt+
∫ 1
0
dθxσ(ξ,∇tξ)dt.
≥
∫ 1
0
(
〈∇tξ,∇tξ〉 −K(ξ, x˙σ)
[|ξ|2|x˙σ|2 − 〈ξ, x˙σ〉2]
)
dt
−
∫ 1
0
|(∇dθ)xσ ||ξ|2|x˙σ |dt−
∫ 1
0
|(dθ)xσ |∇tξ||ξ|dt
≥
∫ 1
0
〈∇tξ,∇tξ〉dt− τσ
∫ 1
0
|ξ|2|x˙σ|2dt
−τσ
∫ 1
0
|ξ|2|x˙σ|dt−
(1
4
+ τσ
) ∫ 1
0
|∇tξ||ξ|dt.(71)
Since ξ(0) = 0 for all ξ ∈ V σ, by the Ho¨ler inequality, it is easy to show that
(72)
∫ 1
0
|∇tξ|2dt ≥ 1
4
∫ 1
0
|ξ|2dt.
Plugging (69) and (72) into (71), for every ξ ∈ V σ we have
HessSσL(xσ)[ξ, ξ] ≥
∫ 1
0
∣∣∇tξ∣∣2dt−D2τσ ∫ 1
0
|ξ|2dt−Dτσ
∫ 1
0
|ξ|2dt
−(1
4
+ τσ
) ∫ 1
0
|ξ|2 + |∇tξ|2
2
dt
≥
(
3
8
− 5τσ
2
− 4Dτ2σ − 4Dτσ
)∫ 1
0
∣∣∇tξ∣∣2dt(73)
from which we deduce that for σ large enough,
HessSσL(xσ)[ξ, ξ] > 0 on V
σ \ {0}.
Hence,
m∗(xσ) ≤ dim(V σ)⊥ ≤ 2m
which contradict (62) by assumption (A).
Finally, we finish the proof as follows: by definition of fσ, for σ sufficiently large
we have suppfσ ∩ K = ∅, where K is a compact set in M given in step 3, then
(67) and (68) conclude the disired result since all loops xσ are non-trivial by Step
2. This completes the proof.

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6. Appendix: an example without closed magnetic geodesics
Consider the cylinder Σ := R×R/Z with the metric g, which, in a local coordinate
(x, y), is given by dx2 + (1 + ex)2dy2. Let L : TΣ → R be a Lagrangian of the
form
L(q, v) =
1
2
|v|2g + θ(v),
where | · |g is the norm induced by g, and σ is a one form on Σ given by
(74) θ = (ex + 1)dy.
We shall prove
Proposition 14. For every k > c(L) (hence k > cu(L)), there are no closed
orbits of energy k in any non-trivial free homotopy class for the magnetic flow of
the pair (g,−dθ) on R× R/Z.
Recall that the the hamiltonian associated to L is given by
H : T ∗Σ −→ R H(q, p) = 1
2
|p − θq|2g∗ ,
where g∗ is the induced metric by g on the cotangent space T ∗Σ.
We also recall that the critical value c(L) has an equivalent definition (see [20]):
(75) c(L) = inf
u∈C∞(Σ,R)
max
q∈Σ
H(q, dqu).
We show that c(L) = 12 . By choosing a constant function u, it follows from (75)
that
c(L) ≤ 1
2
max
q∈Σ
|(ex + 1)dy|2g∗ =
1
2
.
Next, we pick a closed curve γ : t 7→ (r,−t) ∈ R× R/Z with t ∈ [0, 1], then
(76) SL+k(γ) =
1
2
(1 + er)2 − er − 1 + k.
If k < 12 , from (76) we deduce that for r small enough SL+k(γ) < 0. So c(L) ≥ 12 ,
and thus c(L) = 12 .
Claim 15. For every nontrivial free homotopy class α ∈ [S1,Σ] ∼= Z, lα 6= 0.
Proof of Claim 15. Let γ = (x(t), y(t)) be any closed curve representing α. With-
out loss of generality, we assume that γ has period 1. Then∫ 1
0
∣∣γ˙(t)∣∣
g
dt =
∫ 1
0
(∣∣x˙(t)∣∣2 + (ex(t) + 1)2∣∣y˙(t)∣∣2) 12dt
≥
∫ 1
0
|y˙(t)∣∣dt ≥ ∣∣∣∣
∫ 1
0
y˙(t)dt
∣∣∣∣ = |α| > 0.(77)

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A direct calculation yields
Claim 16. ‖θ‖∞ = 1.
In the sequel, we compute the Ricci curvature tensor and the tensor FΩ defined
in Section 1.1.
Recall that on a smooth surface S, if the metric is of the form g = dx2 + Gdy2,
the Gaussian curvature at each point (x, y) ∈ S is given by
κ(x, y) =
∂x∂x
√
G√
G
.
Hence, the Gaussian curvature of (Σ, g) is
κ(x, y) =
∂x∂x(e
x + 1)
ex + 1
=
ex
ex + 1
,
conseqently, for q = (x, y),
(78) Ricq(X,Y ) = k(q)g(X,Y ) =
ex
ex + 1
g(X,Y ).
To compute FΩ, the Charistoffel symbols of the Levi-Civita connection of the
metric g are computed as follows:
Γ111 = Γ
1
12 = Γ
1
21 = Γ
2
11 = Γ
2
22 = 0,(79)
Γ122 = −ex(ex + 1), Γ212 = Γ221 =
ex
ex + 1
.(80)
From (79) and (79) we get
(81) ∇ ∂
∂x
dy = −Γ211dx− Γ212dy = −
ex
ex + 1
dy,
similarly, we have
(82) ∇ ∂
∂x
dx = 0, ∇ ∂
∂y
dx = ex(ex + 1)dy and ∇ ∂
∂y
dy = − e
x
ex + 1
dx.
Using (81) and (82) we compute:
(83) ∇ ∂
∂x
dθ = ∇ ∂
∂x
(
exdx ∧ dy) = ex
ex + 1
dx ∧ dy and ∇ ∂
∂y
dθ = 0.
Set
β(x) = ex + 1.
Observe that {
∂
∂x
,
1
β(x)
∂
∂y
}
is an orthogonal basis at the tangent space TqΣ of each point q = (x, y). Then,
by (83), for every X = X1
∂
∂x
+X2
∂
∂y
, we have
FΩ(X) = ∇ ∂
∂x
dθ
(
∂
∂x
,X
)
+∇ 1
β
∂
∂y
dθ
(
1
β
∂
∂y
,X
)
=
ex
β
X2
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which implies
(84)
∣∣∣∣FΩ(X)|X|
∣∣∣∣ = ex|X2|β√|X1|2 + β2X22 ≤
ex
(ex + 1)2
≤ 1.
From (78) and (84) we see
Claim 17. Assumption (iii) in Theorem 1 does not hold.
Summing up, the assumptions (i) and (ii) except (iii) in Theorem 1 are satisfied
for the exact magnetic flow of the pair (g,−dθ) on R× R/Z.
Proof of Proposition 14. Assume that γ(t) = (x(t), y(t)) is a closed magnetic ge-
odesic of energy k with k > c(L) = 12 , i.e., γ solves the equations
∇tγ˙ = Y (γ˙) and(85)
1
2
|γ˙(t)|2g = k, ∀ t ∈ [0, T ].(86)
By (1) and (74), we find
(87) Y (u) = −β
′
β
Ju,
where J is the almost complex structure compatible with g, and satisfies
J
∂
∂x
=
1
β
∂
∂y
and J
∂
∂y
= −β ∂
∂x
.
From (80), (85) and (87), it follows that
(88) x¨ = ex(ex + 1)y˙2 + exy˙ =
ex
ex + 1
(
β2y˙2 + βy˙
)
.
Since γ(t) is a periodic, there exists a maximum t′ of x(t), hence x(t′) = 0. Then,
by (86), we see (
βy˙
)2
(t′) = 2k
which implies
(89)
(
β2y˙2 + βy˙
)
(t′) > 0
provided that k > 12 . Combining (88) with (89) yields x¨(t
′) > 0 which implies
that t′ is not a maximum in contradiction with our assumption.

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